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Abstract
We consider stationary solutions of the incompressible Navier-Stokes equations in two dimensions.
We give a detailed description of the fluid flow in a half-plane through the construction of an inertial
manifold for the dynamical system that one obtains when using the coordinate along the flow as a
time.

1 Introduction

We consider, in d = 2 dimensions, the time independent incompressible Navier-Stokes equations
—(u-V)u+Au—-Vp=0, (1)
V-u=0, (2)
in the half-space Q = {(z,y) € R?|x > 1}. We are interested in modeling the situation where fluid

enters ) through the surface ¥ = {(z,y) € R?| 2z = 1} and where the fluid flows at infinity parallel to
the z-axis at a nonzero constant speed U, = (1,0). We therefore impose the boundary conditions

}gigi ux) = U, (3)
2% 4y? o0
uly, = Ux+u,, (4)

with w, = (uy,vs) in a certain set of vector fields S to be defined later on, and satisfying limy)— 00 U (y) =
0.

The above problem has been studied in detail in [10], [11], for the special case where u,(y) = u.(—y)
and v, (y) = —v«(—y). As a consequence the discussion could there be restricted to the case of symmetric
vector fields u = us+(u, v), i.e., to functions u, v and p satisfying u(z,y) = u(x, —y), v(z,y) = —v(z, —y)
and p(x,y) = p(x,—y) for all x > 1, and this symmetry property was extensively used in the proofs. In
order to get rid of this limitation one is forced to study the nonlinearity in (1) in much more detail than
in [10], [11]. This makes the estimates somewhat lengthy, since many different terms have to be analyzed,
but also simpler, since less information needs to be encoded in the function spaces.

The following theorem is our main result.

Theorem 1 Let ¥ and Q) be as defined above. Then, for each u, = (uy,vi) in a certain set of vector
fields S to be defined later on, there exist a vector field u = us + (u,v) and a function p satisfying the
Navier-Stokes equations (1) and (2) in Q@ subject to the boundary conditions (3) and (4). Furthermore,

lim 2/2 <sup (= tas) <x,y>|) 0, (5)
r—00 yeR

i o (sup (0 ) )] ) =0 (6)

r—00 yER

*Supported in part by the Fonds National Suisse.



where

as\Ls = —=€ 4 ) 7
U (l'y) 2\/7?\/56 +ﬂ.$2+y2 7T.'L'2+y2 ()
_ ¢y 2 d oy b =z
Uas(x’y)*zl\/%x‘g/?e ’ +7rw2+y2 Ta2 g2’ ®)
with
b= lim Rsin(ky) us(y) dy (9)
d= lim Rsin(ky) v.(y) dy (10)
c= lim/ cos(ky) u«(y) dy —d . (11)
k—0 Jr

A proof of this theorem is given in Section 8.

Remark 2 The integrals in (9), (10) and (11) have to be understood in the (C,d)-sense, with 0 < <1
(see e.g. [8], Theorem 15). Namely, let C(5, R) = (1 — |y| /R)°. Then the exact version of (9) is

k—04 \ R—oo

R
b= lim <1im /_R C(6, R) sin(ky)u.(y) dy) ,

and accordingly for the other cases.

The set S in Theorem 1 will be specified in Section 8, once appropriate function spaces have been
introduced. For an interpretation of the results see [10], [11]. For related results see [2], [3] and [9]. For an
application of the above results for an efficient numerical implementation of two-dimensional stationary
exterior flow problems see [7].

The rest of this paper is organized as follows. In Section 2 and Section 3 we rewrite equation (1) and
(2) as a dynamical system with the coordinate parallel to the flow playing the role of time. The discussion
will be formal. At the end of the discussion we get a set of integral equations. In Sections 4 and 5 we
then prove that these integral equations admit a solution. This solution is analyzed in some detail in
Section 6 and Section 7. In Section 8 we finally prove Theorem 1 by using the results from Sections 4-7.

2 The dynamical system

Let u = us + (u,v). Then, the equations (1), (2) are equivalent to

= 0,v—0yu,
—(u- V)wt+Aw,
= Oyu+0yv, (12)

since the pressure p is uniquely determined (modulo an additive constant) by solving
Ap=V-((u-V)u— Au) (13)

in 2 with the boundary condition
Owp = —(u-V)u+ Au (14)

on X, once that (12) has been solved. The function w is the vorticity of the fluid.
Provided 0,u + dyv = 0, we have that

udpw + voyw = Iy (uw) + 9y (vw) = ¢, (15)



and - for reasons which are not obvious to us - it turns out to be important to discuss the nonlinearity g
as represented by the expression on the r.h.s. of (15).

The main idea underlying the tools developed in this paper is to consider the coordinate parallel to
the flow as a time coordinate [1]. Let n = 0,w. Then, the equations (12) are equivalent to

Opw = U
O = n—0w+q,
O,u = —0yv,
O = Oyu+uw. (16)
Let )
w(z,y) = > Adk e Mok, x)

and accordingly for the other functions. For (16) we then get (for simplicity we drop the hats and use in
Fourier space t instead of x for the “time”-variable) the dynamical system

w n
o= n+kiw+tq,
w = ikv,
) —iku 4w, (17)
where
q = Orqo — ikq1 , (18)
with
1
G = pym (uxw) , (19)
G = % (v*w) . (20)

The equations (17) are of the form z = Lz + q, with z = (w,n,u,v), q = (0,4,0,0) and

0 1 0 O
K1 0 0
Lk) = 0 0 0 ik
1 0 —ik O

The matrix L(k) can be diagonalized. Namely, let o(k) = signum(k), and define Ay, A+ and A_ by

Ao(k) = V1+4k?,
14+ Ao(k
avy =
Ay = LB
2
Let z =5¢ with
1 1 0 0
A A 0 0
sm=| 3 4
1 1 —i0 10

!n [5] part of the results of this paper were proved by using the expression on the l.h.s. of (15). That approach turned
out to be much more complicated than the present one.



Then ¢ = D¢ + S~ 1q with

A_ 1
— A v 0 0
Ay —L 0 0
A A
S_l(k) — 0 0 ’
o4~} e
So+d) 4 3 i

and D = S7'LS a diagonal matrix with diagonal entries Ay, A_, |k|, and —|k|. Note that A, (k) > 1
and A_(k) <0 and A_(k) ~ —k? for small values of k. Let ¢ = (w4,w_,uyt,u_). Using the definitions
we find that (17) is equivalent to

wy = Ajwi+ Aioq ;
w_o = A_w_-— Aioq ,
iy = |klug — %éq )
- = —l|klu- — %%q ) (21)

with ¢ as defined in (18). For convenience later on we also write z =S¢ in component form. Namely,

= W4 +w- )
n o= Mwy+Aw,
u = —%A_w_,_ - £A+w_ +uy +u_,
v = wytw-o —iousg+iou_ . (22)

3 The integral equations

To solve (21) we convert it into an integral equation. The +-modes are unstable (remember that Ay (k) >

1) and we therefore have to integrate these modes backwards in time starting with w, (k, 00) = u4(k, o)
0 (see [4]). We get

wilkt) = o [ Mgl 5) ds (23)
0 Jt
1 t
w-(ht) = G (et - /1 A=k 5) ds | (24)
1 - o0
wilkt) = 55 [ M) ds. (25)
t
. t
u_(k,t) = ﬁi(k)ef\k\(tfl)_%%[ e*lkl(tfs)q(k’s) ds , (26)

with @* and @* to be chosen later on. The integral equations (23)-(26) are identical to the ones discussed
in [10], [11]. There, by restricting to symmetric flows, ¢ was an odd function of k£ and therefore, in a space
of continuously differentiable functions, the division by k that appears in (25) and (26) was compensated
by a factor of k coming from ¢, so that uy and u_ were continuous functions of k. For non-symmetric
functions ¢ this strategy does not work anymore. As mentioned in the introduction, it is replaced in what
follows by a more detailed analysis of the nonlinearity ¢, and by using the invariance properties of the
equations which make that the singular terms compensate each other in the physically relevant functions
w, , v and v as given by (22). In fact, after substitution of the integral equations (23)-(26) into the



change of coordinates (22) we get, with (18), and after integrating by parts the time derivative acting on
qo, the following integral equations for w, u and v:

w(k,t) = <@*_(k) + LQO(k,l)) eA-(t=1)
Ao
1 t
+— [ A ikqy(k, s) ds
Ao J;
1 o0
+—= eA*'(t*S)ikql(k,s) ds
Ao J;
t
5 [l
1
A o0
_A_;F eAJr(t*S)(JQ(k,s) ds | (27)
t
) 1
ulk,t) =~y (G5 (k) + —aolk, 1) ) 0D
k Ao

+ ﬁt(k)—l—liqo(k,l) e |kIGE-1)
2k
A t
+A_Z/ gk, s) ds
1
1 t
_5/ KIt=5) g (. ) ds
1
L[ ki=s)
+§ e q1(k, s) ds
t
—l—j[\x—;/ eA+(t75)q1(k,s) ds
¢
1 t
-I-;ia(k)/ e_‘kl(t_s)qo(k;,s) ds
1

1 o0
+§’i<7(k)/ K1) go (K, s) ds
t

ik [T A

_ _(t—s)
Ao )i e qo(k, s) ds

_ ik eA+(t75)q0(k’ s) ds | (28)
Ao J;

o(k,t) = wik,t)

+io(k) <12*_(k) + %%%(k, 1)> e~ lkI(t=1)
1 t
~gioth) [ e Mgk 5 d
1
1 o0
—510'(]6)/ e|k‘(t—s)ql(k’s) ds
t

1 t
‘5/ e g0 (k, 5) ds
1

1 o0
+§/ M=) g0 (. 5) ds (20)
t

with go and ¢ given by (19) and (20), respectively. Note that the function 7 does not need to be
constructed since it does not appear in the nonlinearities gy and ¢;.

A closer look at (27)-(29) reveals, that the problem concerning the division by & in the equations
(23)-(26) has not disappeared. However, in this new representation, the invariance properties of the
equations have become manifest, and we see that the problem can be eliminated by a proper choice of



initial conditions, i.e., w, u, and v are either regular or singular for all times. In particular, as we will
see, if we set

ot (k) = —ikw" (k)—Aioqo(k,n, (30)

B0 = ) - gaeth1) G
with

Wt (k) = w4 (k) — io(kput (k) | (32)

and with w*, u* ;, and u” , smooth, then w and ¢ are smooth, and u and v are smooth modulo
discontinuities at £ = 0. This corresponds to choosing initial conditions exactly as singular as dictated
by the nonlinearity. We expect this choice to be general enough to cover all cases of stationary exterior
flows.

Below, we will prove existence of solutions to (27)-(29) for certain classes of continuous complex
valued functions w* , u* ;, and u* ,. Once the existence of solutions has been established, we will restrict
attention to even, real valued functions u* ;, and u* ,, and to complex valued functions w* of the form

W (k) = w1 (k) + iw® o (k) , (33)

with w* ; and w® , real valued, even and odd functions of k, respectively. This corresponds to the
restriction to real valued solutions of (16).

It turns out that the decomposition of the nonlinearity ¢ into ¢g and ¢; is not detailed enough to prove
the existence of a solution to (27)-(29). To overcome this problem we split w and w into a “dominant
part” and a “remainder.” Namely, we set

w(kat) = WO(k7t) +w1(k7t) ’ (34)
U(k,t) = uO(kat) +u1(k7t) ) (35)
with w and u given by (27) and (28), and with
t
uo(k,t) = —w*_(k)eA*(tfl) + Ai/ eA*(t*S)ql(k,s) ds | (36)
o J1
wolk,t) = ik ug(k,t) . (37)

This decomposition allows us to split the function gy into a term which is “large”, but zero at k = 0,
and a remaining term which is “small” (see Section 4 for the definition of “large” and “small”). Namely,
using (37) we find that

(ug *xwo) (k,t) = (ug* (ikuog)) (k,t)
= Sk (o o) (k1)

and therefore, using the definition (19) of go, we find that

qo(kat) = qo,o(k7t) —k QO,l(k7t) ) (38)
with
1
qQ,o(k,t) = o (uo * w1 +ur xwo + ur xwr) (k,t), (39)
1
Gor(kt) = ——(uo*uo)(k,?) . (40)

After some rearrangement, and using (30)-(32), we find for wy and wu; instead of the equations (34) and
(35) the following explicit expressions, which we will use in the sequel:

1 oo
wi(k,t) = A_O/t A )ikqy (K, s) ds

A oo
__+/ M=) g0 (k, 5) ds
Ao
A

t
t

A /eA*(t*S)qo(k,s) ds | (41)
0 J1



and

ur(k,t) = (u* (k) —io(k)u” (k) e~ kI(E=1)
+w* (K)A_er-(=1)
A

t
_= A_(t—s)
N . e q1(k, s) ds

1 t
—5/ e RIt=3) g (K, 5) ds
1

1 oo
+§/ e®lt=) g, (k, 5) ds
t

A

+A—; Mg, (k, ) ds
t

I t
- A= go(k, 5) ds
Ao )y

1 t
—I—Eio(k)/ e K= g0 (k, 5) ds
1

1 (e}
—I—Eio(k)/ eFlt=) g0 (K, 5) ds
¢

—Z—k M=ok, s) ds . (42)
0 Ji

4 Function spaces

In order to prove the existence of a solution for (27)-(29) we will apply, for fixed w* and fixed u* ;, u* ,,
the contraction mapping principle to the map (4o,0,do,1,¢1) = N(0,0, 90,1, ¢1) that is formally defined by
computing first g from g ¢ and g1 using (38), then wg, w1, w, ug, u1, v and v using (37), (41), (34),
(36), (42), (35), (29) and (31) and then go,0, o1 and ¢1 by using (39), (40) and (20). We now define the
functions spaces that will be used below:

Let a, p > 0 and
1

pio(k,t) = TR (43)

Let furthermore
po(k,t) = pil?(kt)
[ (k,t) = M(lz(k7t) :

We then consider, for fixed a > 0, the Banach space V,, of functions f € C(R, C) (continuous functions
from R to C), equipped with the norm

|f (k)
fio(k, 1) 7

(%

[ fllq = sup
keR
and, for fixed a, 8 > 0, the Banach space B, g of functions f € C([1,00), Vs ), equipped with the norm

1 £1lo5 = sup®[|F(E2 1)
t>1

Finally, we define the Banach space B,,
Bo = Bazj2 ® Bagi,1/2 D Bagsy2

equipped with the norm

1(Po; P1s P2l = IP0lla,3/2 + 121 llan,1 /2 + 1P2]la3/2 -



Theorem 3 Let o > 1. Let u” 1, u® 5, W € Vo1, and let g9 = Hu*—JHaH + HU:QHQH + Hw*_”(lﬂ.
Then, N is well defined as a map from B, to Ba and contracts, for eq sufficiently small, the ball By (o) =
{p e Ba| llpll, <eo} into itself.

Theorem 3 implies that for gy small enough A has a unique fixed point in B,/(gg), i-e., the integral
equations (27)-(29) have a solution.

5 Proof of Theorem 3

The proof is organized as follows: we first prove that A is well defined and maps, for small enough initial
conditions w* and u*, a ball in B, into itself. Then, we show that A is a contraction on this ball.

Let g be as in Theorem 3. Throughout all proofs we then denote by ¢ a constant multiple of g, i.e.,
€ = const. g9 with a constant that may be different from instance to instance.

5.1 N is well defined

We first prove bounds on wq, w1, ug, w1 and v:

Proposition 4 Let o > 0. Let u* 1, u* 5, w* € Va1, with g9 = Hu’iJHaH + | ui’QHQ_H + Hwi| at1’
and let (go,0,90,1,q1) € Ba(e). Then, wo, w1 and ug as defined by (37), (41) and (36) are continuous
functions from R x [1,00) to C, and u1 and v as defined by (42) and (29) are of the form

ul(k,t) = ULE(k,t) —l—ia(k)uLO(k,t) s (44)
v(k,t) = wvg(kt)+ioc(k)vo(k,t) (45)

with uy g, u1,0, Vg and vo continuous functions from R x [1,00) to C. Furthermore, we have the bounds

3
|w0(k7t)| < ml’[’a(kat) ) (46)
3
witk, 1) < Zha(kE), (47)
|U0(l€,t)| S 6ua+1(kat) 3 (48)
_ 9
(k)] < ehara(k t) + g palk,t) (49)
_ 3
|U(k7 t)' < 6/j’oz+1(ka t) + $1/2 /j’oz(k;7 t) (50)

uniformly in k € R and t > 1.

See Appendix I for a proof.

Now we prove bounds on ¢g,0, go,1 and ¢i:

Proposition 5 Let a > 1. Let wg, w1 and ug be continuous functions from R X [1,00) to C satisfying
the bounds (46)-(48), and let uy; and v be continuous functions from R\ {0} x [1,00) to C, satisfying
the bounds (49) and (50), respectively. Then, qoo, qo,1 and q1 as defined by (39), (40) and (20) are
continuous functions from R x [0,00) to C, and we have the bounds

2

g

|Q0,0(kat)| S MMa(lﬁt) ) (51)
2
£

la0a(k, O < T7zttara(k,?) (52)
2
g

k) < FpHakt), (53)

uniformly in k € R and t > 1, and therefore ||(qo,0,90,1,q1)|l,, < 2.
See Appendix II for a proof.
Proposition 4 together with Proposition 5 imply that, for p € B, (), |N(p)]|,, < €*. Therefore, N is

well defined as a map from B, to B,. Furthermore, since €2 = const. 2, it follows that N' maps B, (o)
into itself for €9 small enough.



5.2 N is Lipschitz

In order to complete the proof of Theorem 3 it remains to be shown that A is Lipschitz:

*

g wh

Proposition 6 Let o > 1. Let u® 1, u® 5, w* € Vay1, with g9 = HU*—1H
and let p, p € By(eo). Then

a+1 a+1 | a+1’

IN(p) =N@)llo <ellp=pll, - (54)
See Appendix III for a proof.

Proposition 4 together with Proposition 5 show that, for & > 1, N' maps the ball B, (gq) into itself
for g small enough, and Proposition 6 therefore shows that N is a contraction of By /(go) into itself for
€o small enough. This completes the proof of Theorem 3.

6 Invariant quantities

We now restrict attention to real valued, even functions u* ;, and u” ,, and to complex valued functions
w* of the form (33), with w* ; and w* , real valued, even and odd functions of k, respectively.

Proposition 7 In the limit k — 01 the equations (35) and (29) reduce to
1

u(Oi,t) = —w*(0)+§/100q1(0,s) ds—i—u*,’l(O)
) * 1 - s) ds
i (—u_72(0)—|- X /1 40, )d) , (55)
W0st) = w03 [ w0 ds

—|—/too(1 — e )qo(0, 5) ds

i <u*_71(0)—% /1 T (0, 9) ds) , (56)

Proof. This follows immediately using the fact that by Proposition 4 the functions u and v are con-
tinuous on [0,00) and (—o0,0], respectively, for allt > 1. m

From (55) and (56) we see that the three (real) quantities b, ¢ and d,

p w(04,t) —u(0_,¢)
B 2i ’
d = U(0+’t) — U(O,,t)
n 2i ’
c = u(0+’t)+u(0—’t) —d,
2
are independent of ¢ > 1. Explicitly, we have
1
b = —ul,(0)+ 2, QO(O s) ds , (57)

i = / , (58)
¢ = —w(0) +/ 01(0,5) ds . (59)
1
We also note that the quantity ¢,
p=2d+c=2u",(0) —w(0), (60)

is directly given in terms of the initial conditions (see [10], [11] and [6] for the physical interpretation of
¢)-



7 Asymptotic behavior

The following theorem provides the leading order behavior of solutions whose existence has been shown
in Theorem 3. We again restrict attention to even, real valued functions u* ;, and u* ,, and to complex
valued functions w* of the form (33), with w* ; and w* , real valued, even and odd functions of £,
respectively.

Theorem 8 Let a > 1. Let u® ;, u* 5, w* € Vi1, with g9 = HuiJHa_H + |u*_,2Ha+l + Hwi "
sufficiently small. Then, the equations (27)-(29) have a solution and
Jim t1/2/ lu(k,t) — uqs(k,t)| dk = 0, (61)
—00 R
Jim t/ 0k, ) — vas(k )] dk = 0, (62)
—00 R
where
ugs(k,t) = ¢ e Ht 4 d e IME g io(k)e™*FIt
vas(k,t) = ¢ ike 't 4+ d io(k)e™ It —p e~ IkIL

with b, ¢ and d as defined in (57), (58) and (59).

The existence of a solution follows from Theorem 3. A proof of (61) and (62) can be found in Appendix
Iv.

8 Proof of Theorem 1

We again restrict attention to even, real valued functions u* ;, and u* ,, and to complex valued functions
w* of the form (33), with w* ; and w* , real valued, even and odd functions of &, respectively. For a > 1
we have proved in Section 5 the existence of a solution of the equations (27)-(29) satisfying (to avoid
confusion we now write the hats for the Fourier transforms)

ik, ) < epalhit) (63)
Bk < (k) + g (K, 2) - (64)

Since, for @ > 1, the real and imaginary parts of the functions k — @(k, t) and k — 0(k,t) are respectively
even and odd functions in L!(R,dk) for all ¢+ > 1, their Fourier transforms

1

u(z,y) = o Re_ikyﬂ(k,x) dk
1 .
v(z,y) = o Re_’k%(kz,x) dk

are by the Riemann-Lebesgue lemma real valued continuous functions of y and vanish as |y| — oo for
each z > 1. Moreover, using (63) and (64), we find that

19
sgg|u(x,y)| < W7 (65)
Yy

19
sup [v(z,y)] < — . (66)
yeER ||

As a consequence, u and v converge to zero whenever |z|+ |y| — oo in Q (see Section 5 of [10] for details),
and satisfy therefore not only (12) but also the boundary conditions (3), (4). The reconstruction of the
pressure from u and v is standard. For o > 3 second derivatives of u and v are continuous in direct space,
and one easily verifies using the definitions that the triple (u,v,p) satisfies the Navier-Stokes equations
(1). The set S in Theorem 1 is by definition the set of all vector fields (u,v) obtained this way, restricted
to ¥. Finally, equations (5)-(11) are a direct consequence of Theorem 8. This completes the proof of
Theorem 1.

10



9 Appendix I

In this appendix we give a proof of Proposition 4. We first prove the continuity, then the bounds.

The continuity of the functions uy and wq is elementary. Similarly, using that A, (k) > 1, the
continuity of the function w; is elementary, since the improper integrals in (41) converge uniformly in k.
Next, we note that u; and v as given by (42) and (29) are explicitly of the form (44), (45). The continuity
of the functions ui g, u1,0, vE and vo is again elementary except for the improper integrals involving
the function el*/(*=%) There are two cases of such integrals; those involving ¢; and those involving qo.
Since |q1(k, s)| < &/5%/? and since 1/s%/2 is integrable at infinity, the continuity follows in these cases.
Similarly, since |go.o(k, s)| < /532, the contribution of gg o to the integrals involving gy defines continuous
functions. This leaves us with the case of improper integrals involving e/*I(*=%) and go,1- For these cases
we have the inequality

Eww) |t kgt o] < [T e ) ds
< Gtk [N b
< Stk 1) B2 ¥l /|: e
< gy (b t) |62 V(1L — exf (k] 1))
< e kY g ()t (o) (67)

with erf the error function. This shows continuity, since limy_,g € |k|1/2 fiy o (ks t)pigiq (kyt) =0 for t > 1.
This completes the proof of the continuity.

We next prove the bounds (46)-(50). We start by proving an inequality which will be routinely used
below:

9.1 Main technical Lemma

Proposition 9 Let o/ > ' >~ >0 and > 0. Then, we have the bound

1 C =1\ 1 1
—a,e”A*(t*D |A7|5 <_) < const. = il (68)
1+ |k t P14 (k| e/2) 7

uniformly in k € R and t > 1. Similarly, for positive o/, B, Y with o — B ++" >0 and p > 0 we have
the bound
1

~
< const. — — T
) 1 (k)P

L emulbie—n) o (121 (69)
t

1+ K™
uniformly in k € R and t > 1.

Proof. We first prove (68). For 1 <¢ < 2 we have that

1 A_(t—1) g (t—1 " 1 A_(t—1) o B =
—— et |[A_] — < const. 176# - [A_(t—1)" |A_]

1+ [k + k|
]_ 17 /
< const. ——— IA_|P
1+ |k
< t 1
< const, ———————
1 + |k|a —B'+y
1 1
< const. —

T

11



as claimed, and for ¢ > 2 we use that

/

Oél—ﬁ,'i""{, , t—1 vy
<1 + <|k|t1/2> > etA=(=1) A _¢|P <—t >
< const. <1 + (|k| tl/z) ) earh-t |A,t|ﬁl

k| , ,
< const. (1 + W |A_t] /2 |A,t|ﬁ e%u/\_t>

k|~
< const. [ 1+ #
|A_|oc /2
< const. (1 + |k|a//2> < const. (1 + |k;|a,) )

and (68) follows. We now prove (69). For 1 <t < 2 and |k| <1 we have that

’ - ’Y,
%e,mk\(pl) |k|ﬁ <u> < const.
14 [k|* !

1 1
< const. — W)
B8 1+(|k|t)a =B+

and for 1 <¢ <2 and |k| > 1 we have that

1 —p|k|(t—1) |7.18 t—1 " 1 —p|k|(t—1) v B =
— e ¥ |k|” [ —— ) < const. ————e™# (|k| (t—=1))" k|

1+ [k~ t 1 K|
]_ 17 ’
< const. ——— k|® 7
1+ |k
< t L
< const. ————————
1 + |k|oz —B' 4+
1 1
< const

T s 1+ (|k.|t)0/—5'+"/’ ’

Finally, for ¢ > 2 we use that

<1 I (|k|t)“"5'+7'> o~ nlklE=1) (|k|t)5' <%)7
< const. (1 + (|&] t)“’*ﬁ’“’) e~ ulklt (|| )7
< const. < const. (1 + |k|a’> ,
and (69) follows. m
We are now ready to prove (46)-(50).
9.2 Bound on wy

By definition (37) of wg the inequality (46) follows from (48).

9.3 Bound on u

We write ug = Z?:l 0,5, With ug; the é-th term in (36), and we bound each of the terms individually.
The inequality (48) then follows using the triangle inequality.

12



Proposition 10 For all o > 0 we have the bounds

|u0,1 (k7 t)' < EHat1 (k7 t) ) (70)
|u0,2(k7t)| < Elua+1(k7t) ) (71)
uniformly int > 1 and k € R.

For ug,1 we have
‘—wi (k)eA—(t’l)’ < figyq (b, 1)ed-D) |

and (70) follows using Proposition 9. Next, splitting the integral defining of ug 2 in two parts we find
that

1 [T S|
A_(t— A_isL
A_O/l A== g1 (k,s) ds| < g1 (k, 1)~ 2 [ mds
-1 (t—1
S 6ua+1(k7t) )
and that
ot 1 b
_— —(t—s) < e -
AO /%__16 Q1(k78) ds = EAO/j’a(k7t) tiz-_l sg/gds
e 1
< mA—Oua(kJ)
S Eﬂa+1(k7t) ’

which proves (71) using the triangle inequality.

9.4 Bound on w;

We write w; = Zg’zl w1,i, With wy; the i-th term in (41), and we bound each of the terms individually.
The inequality (47) then follows using the triangle inequality.

Proposition 11 For all o > 0 we have the bounds

wialk ) < mmak), (72)
wialk,t) < Zpa(kt) (73)
wialk, ) < Zpaakt) | (74)
uniformly int > 1 and k € R.
For wy,1 we have that
Aio /too eA+(t*5)ikq1(k,s) ds| < t?’%%ua(k,t) /too M (t=5) gg
< e 1]k (k. 1)

NN

€
< Wﬂa(kat) )

which proves (72). Similarly, to prove the bound on wj 2, we use that by definition (38) of go

|90k, 1))

IN

e g
W“a(k7t) + 7517 |k| Ha+1 (kat) (75)

Fhalh,) (76)

IN

13



and therefore

A+/OO A (tf) EAJr /OO A _
— et q0(k,s) ds| < ——p,(k,t e (t=9) g
+ wikos) ds| < SEEmko) |
el
< ——u,(k,t
— tAQ:u’a( Y )7

which proves (73). The integral defining wq 3 we split in two parts. Using (75) and the identity |k| =
IA_ "2 |AL|Y?, we find that

e [E51
ZR_;[ 2 A 0=)go(k, ) ds| < gua+1(k,1)6A—%|A,|/l i ss%ds
1
+6ua+2(k,1)€A‘% |A—||k|/1 2 Sl%ds
< epgyq(k, l)eA*% |A_| <%>
+5t1/2ﬂa+3/2(k7 l)eA*% |A_|3/2 <%>
<

e
E,u’a-&-l(kv t) ’

and, using (76), we find that

A t
A_; ﬂﬂ A=) g0 (k, 5) ds

IN

and (74) follows using the triangle inequality.

9.5 Bound on u;

We write u; = Z}gl u1,4, with 4y ; the i-th term in (42), and we bound each of the terms individually.
The inequality (49) then follows using the triangle inequality.

Proposition 12 For all o > 0 we have the bounds

luri(k,t)| < efigq(kit) (77)
ikl < Zpalk,t) (78)
skl < Zhapa(kt) (79)
furalh, O < i (b, 0) + gz pa(kit) (80)
stk < skt (81)
skl S —papa(kst) (82)
k) < e (kD) | (83)
sk, )] < i (b, 6) + iz palkit) (84)
watk )l < 7kt (85)
(k.8 < —pg(kt) | (86)

uniformly int > 1 and k € R.

14



For uy,; we have that
(w21 (k) = i (R)u” o (k) € O] < gy D) IO

and (77) follows using Proposition 9. Next, for u; » we have that

W (R)A-eM=0D] < ety (k)[40

and (78) follows using Proposition 9. The integral defining u; 3 we split in two parts. We have that

Al [ SRl
— A_(t—s) A_t=1 R
" /1 A9 g (k,s) ds| < o1 (k1) |A_| e 2 /1 33/2d8
=1 t—1
< 6ua+l(ka l)eA_ 2 |A—| <T)
€
S gu/a-&-l(kat) )
and that
A t A= q (k,s) ds| < iiu (k,t) t A=) |A_| ds
A() % 1 ) = t3/2 AO « ) % —
e 1
< WA_OMa(k’t)
<

15
%Moﬂrl(k? t) )

and (79) follows. The integral defining uq 4 we also split in two parts. We have that

1 F S|
—|k|(t— EPAEESE
5/1\ € Ikl (¢ S)QI(kas) ds| < ee k1% l’[’a(ka 1)/1 S?’T ds
(-1
< 6ua(ka l)e_lk‘% (tT)
S 6/_j/oz+1(kat) )
and that
L (" ke © L
5 e M ) s < et [ g
€
< mﬂa(kﬂf)a
and (80) follows. Next, to bound w; 5, we use that
L[ ks (k,s)ds| < (k,t) b d
9 . € q1 y S S = E,UJa 9 . 3/2
€
S mﬂa(/ﬁt) 9
and (81) follows. Next, for u; ¢ we have that
Ao [, (t—s) e [A-] A (t—s)
A_o/t et qi(k,s) ds| < t3/2A—Oua(k,t)/t et ds
e |A_]
< =, (Kt
< w7 AOA+ua( 1)
<

€
Eﬂa-&-l(kv t) ’

15



and (82) follows. To bound u; 7 we split the integral into two parts and estimate the contributions from
go,0 and go,1 separately. For the contribution to u; 7 coming from gg ¢ we have that

K [

—ik 2 _ _ €
A_o/1 eV qo ok, 5) ds| < Ao /. eh-l s)@ua(kﬁ) ds
t+1
LipN= N
S EAoe 2 ‘ua(k, 1) ) m ds
€
< ml’[’a—‘rl/Z(k’t) ’
and that
—ik [* _ k| [t o €
A_o[ . A "9g00(k,s) ds| < A_o[ ) eh-(t S)@Ma(kvs) ds
2 2
1/2
<

€ AY ! A_(t—s) 1/2
mﬂa(k’t)j\_o ﬁ__le |A*| ds

e 1 t 1
S WAé/Qua(kvt)/ﬂ T— s ds
e 1

< -
< tA(l)/2““(k’t)’

and for the contribution to u; 7 coming from g ; we have that

LN K
R A_(t—s) < I A_(t—s)
AO /1 € 90,1(ka5) ds = AO 1 € 1/2 |k|ua+1(k 8) ds
ﬂ
< 5#a+1(k 1 |A |/ 1/2 ds
< e U DN T A (- 1)
< mua+1(k7t)7
and that

—ik

<

k s €
| |/_+_ A-lt=s) — 1/2 |k|l’[’a+l(kas) ds

t
—tk [T A (-9
A /%e q,1(k,s) ds
t
< gotealint) [ e A ds
2

€
S mﬂa_u (k7 t) B}
and (83) follows using the triangle inequality. The proof of the estimate for the gg o-contribution to us g
is identical to the proof of (80), and we therefore have that
1 t
§ia(k)/ e =) g0 o(k, 5) ds
1

To estimate the contribution of gp,; to u; g we split the integral into two and we get

_ 3
< Efig 1 (K, t) + mﬂa(/f,t) :

1 = = €
gio®) [ My s < [ e ) ds
1 1
M
< eman(b )R [T s
t—1 t—1
< ety e ] (57
g
<

mﬁa—i-l(k? t) ’

16



and

t
s) 3
S /i € ‘k‘(t 1/2 |k|ﬂa+1(k,s) dS

2

¢
€ _
= t1/2/‘a+1(k>t) ﬁ+ Ikl (2=) k| ds

2

< (k1) ,

€
iz a1

and (84) follows using the triangle inequality. The proof of the estimate for the gg o-contribution to u1,9
is identical to the proof of (81), so that

%ia(kz)/ eFlt=) g0 0(k, s) ds
t

< tl/Qua(k,t) .
For the contribution of go,1 to w19 we get (this is a more elementary but less precise bound than (67))

i) [ MO ik o) o] <[ O b ) s
t t

IN

< tenn(b ) [ RO k] a
t

3
< mMaJrl(k?t) )
and (85) follows using the triangle inequality. Finally, since u3 19 = tk/Ay w12, and since |ik/Ay| <
const., the proof of the estimate (86) is identical to the proof of (73).

9.6 Bound on v

We write v = 25:1 v;, with v; the i-th term in (29), and we bound each of the terms individually. The
inequality (50) then follows using the triangle inequality.

Proposition 13 For all o > 0 we have the bounds

g

|U1(k7t)| < mﬂa(kﬂf) ’ (87)

|U2(k7t)| < Eﬂa+1(k7t) ’ (88)
_ 9

|U3(k7t)| < 5#a+1(k7t) + mlu’a(kﬂf) ) (89)
g

|U4(k7t)| < mﬂa(kﬂf) ’ (90)
_ e

|’U5(k,t)| S El’[’a+1(kat) + mua(k7t) ) (91)
g

vs (k) < iphalk,t) (92)

uniformly in k € R and t > 1.

Inequality (87) follows from (46) and (47) using the triangle inequality. Next, after substitution of
(31) and (32) into vy we find that ve(k,t) = io(k)uy 1(k,t). Therefore,

v2(k, )| < fura(k,t)]

and (88) therefore follows from (77). Similarly, (89), (90), (91) and (92) follow from (80), (81), (84) and
(85), since

vs(k,t) = io(k) ua(k,?),
va(k,t) = —io(k) uis(k,t),
vs(k,t) = —io(k) uis(k,t),
ve(k,t) = io(k) uie(k,t) .

This completes the proof of Proposition 4.
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10 Appendix 11

In this appendix we give a proof of Proposition 5.

10.1 Bounds on convolutions

Proposition 14 Let o, > 1, p > q > 0 and let a be a piecewise continuous, and b be a continuous
function from Rx[1,00) to C satisfying the bounds (see (43) for the definition of uib, and iy, respectively),

a(k,t) < bkt
b D] < (k) -

Then, the convolution a * b is a continuous function from R X [1,00) to C and we have the bounds

(axb)(k,8)] < const. <tlpug(k,t)+|k|u§(k,t)), (93)
ab) (D) < const. ol 1 g () (94)
|(a*b)(k,t)] < const. (tlpug(k,t)thiqug(k,t)), (95)
(axb)(k,8)] < const. mugg}gg}(k,@, (96)

uniformly int > 1, k € R.

Continuity is elementary. The bound (94) follows immediately from (93) using that |k|u® (k,t) <
const. pb _(k,t)/t?, and (96) follows from (95). We now prove (93). Let k > 0. Then, we have for a b

ety k0l < [ e ouE— k.0 av

k/2
< /20 [ o av

—0o0

3k/2 oo
[ ) ) [ ) ai
k)2 3k/2

< const. (tlpugac,t) + k| ug(k/zt)) , (97)

and (93) follows for k£ > 0. Similarly we have for k < 0,

(s ®0l < [ oubte— .0 av

3k/2
< g0 [ i
k/2 o
[ ak 20 [ an
3k/2 k/2
<

1
cons. (t—puyk,w 1K uﬁ(k/z,w) ,

and (93) follows for k£ < 0. We now prove (95). Let k£ > 0. Then we have, cutting the integral into three
parts as in (97),
k)2

(s B0l < w20 [ o av
3k/2 oo
b 208) [ e W) /2,0 [ ) di
k/2 3k/2

1 1
< const. (t—puyk,t>+t—quz<k,t>) ,
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and (95) follows for k£ > 0. Similarly we have for k < 0,

3k/2
sty (kO] < gl/20) [ o) i

—0o0

k/2

o0

b 0/200) [ e Wot) /2,0 [ ) di
k/2

3k/2
1y 1,
< const. t_pu[j(kvt)—i_t_q:u’a(k?t) ’

and (95) follows for k£ < 0. This completes the proof of Proposition 14.

10.2 Proof of Proposition 5

We first prove the bound on g o. Namely, using Proposition 14, we find from (46), (47), (48) and (49)
that

e

(w0 xw1) (k)] < 575 1a(kst)
2
9

|(U1 *wo) (kvt” < mﬂa(kﬂf) ;
52

[(ur xw1) (k,t)] < t_gy’a(k7t)7

and (51) follows using the triangle inequality. Next we prove the bound on ¢g ;. Namely, using (96) we

find from (48) that

52

(o * o) (k, )] < 75 Hata (K, )

which proves (52). Finally, we prove the bound on ¢;. First, the bounds (46) and (47) imply using the
triangle inequality, that

€
|W(k,t)| < mua(k7t) ’
which, together with (50) and using Proposition 14 implies that
2

19
[(v*w) (k1) < mﬂa(k,t) ,

which proves (53). This completes the proof of Proposition 5.

11 Appendix II1

In this appendix we prove Proposition 6. Let p' = (pi, i, p1), p?> = (0%, p3,p3) € Ba(eo). Then, by
Proposition 4 and Proposition 5, p = N (p!) — N (p?) is well defined and p € B,. Let p = (py, py, p3), and
let w, wi, w', uf, uf, v, i = 1,2, be the quantities (37), (41), (34), (36), (42) and (29), computed from
pt and p?, respectively. Using the identity ab — ab = (a — a)b + a(b — b) (distributive law) we find that

o = %(ug*whu%*wéw%*w%)
_%(u%*w%—l—u%*wg—l-u%*‘”%)
_ %[(ué_u%)*w%—l—ug*(w%_wa]
+% [(uh —ud) % wh + ud * (wh — w3)]
+% [(ud —ud) % wh +u? * (Wi —w?)]

19



and similarly that

1 1 2

P2 = Ty [(ug —ug) *ug +ug * (ug —ug)]
b= e [ =) et 0 )]

Therefore, and since the quantities wj, wi, w?, ud, uf, vi, i = 1,2 are linear (respectively affine) in p'
and p?, the bound (54) now follows mutatis mutandis as in the proof of Proposition 4 and Proposition 5.

12 Appendix IV

In this appendix we prove (61) and (62).

12.1 Asymptotic behavior of u
Let t
U(k,t) = <—wi(k) + i/ a1 (k, s) ds) A1)
Ao Ji

Using the triangle inequality we get that
ulk,t) = was (b, )] < [U(h,8) = c e

+ |ugs(k,t) — ¢ e*th‘
+ |u0(k7t) - U(kvt”
+|ua(k,0)] (98)

We bound each term in (98) separately. First, we have that

lim U( L (99)

Jim U(2575,4)

and furthermore that

<1
|U(k’t)| < <€Ma+1(k7 1) + Elua-',-l(k? 1)/ wds) eA*(tfl)
1
S 6H’a+1(k‘at) )
so that .
'U(m,t)‘ < Efigyi (k1) (100)

From (99) and (100) it follows by the Lebesgue dominated convergence theorem that

lim t1/2/ )U(k,t) By e*kzt‘ dk
R

t—o0

, k o
&%L'U(mv“—“
= 0 B

dk

as required. Next

lim t1/2/ uas(k,t)—ce*’“ﬂ dk < lim t1/2/ (|d| + |b]) e~ *1* gk
t—o0 R t—00 R

lim tl/QQM =0

t—o00 t ’
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as required. Next, using that 1 — e” < —z for all z < 0, we find that

1 t
fuo(k,t) = Uk, )] < = [ (207 = A0 [y (k,s)] ds
1

Ao

1 ! A_(t—s A_(s—1 €
< Ao eh-(t=9) <1 — M- )> mua(k,s) ds
< 1 teA‘(t_s)A (s — l)iu (k,s) ds
> A() L - 83/2 a\lv )

and therefore, since

t+1

2
1 T A (t—s) € A_tsd =1\ 1)
- =N _(s—1 k,s)ds < ke A tt/
AO ) e (S )83/2/1’01( 78) S = Elu’aJrl( s )6 2 t

and since
R LT 1) (k,s) d c 1 k) A-(t=9)p_ g
AO t_21 € ,(S 3/2:”’(1 S) = t1/2A Mg % S
< tl/zua(k,t)
it follows that
. 1/2 < 1/2 £
Jim ¢ / k) = UGk i < Jim 042 [ o (i) d

< lim tl/Q% —0,

t—o0

as required. Finally, we have that

IN

. . _ e
tlgrolotl/Q/R|u1(k,t)| dk lim tl/z/r{(eua(k,t)+mua(k,t)) dk

t—o0

< lim t1/2% -0,

t—o0

as required. This completes the proof of (61).

12.2 Asymptotic behavior of v

Let
V(k,t) = Vo(k,t) + Vi(k,t) ,

where

Vo(k, t)

I
VR
IS
‘*
—
ol
S~—

1 t
Ao/ q1(k, s) ds)( ik)er-=1
1 K I
Vilk,t) = <z’o(k)u*(k)—§ia(k) / (k) ds 3 / do.0(k, 5) ds) o IkI-1)
1 1
with u* given by (32). Using the triangle inequality we get that
o(k, ) — vas (k,1)] < )vo(k,t) i ike‘th‘

+ ‘Vl(k,t) — (aio(k)e 1t — b e*\k\t)‘
+v(k, t) — V(k,t)| . (101)

We bound each term in (101) separately. First, we have that

hm tl/QVO( i

o7aet) = ¢ (~ik)e - (102)
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and furthermore that

Vo (k, 1))

IN

oo 1 B
<5Mo¢+1(k7 1) + Eﬂa+1(k, 1) /1\ SBTdS) |k| eA*(t 1)
- €|k|y’(1+1(k7t) ’

A

so that

(30| < a1 (103

From (102) and (103) it follows by the Lebesgue dominated convergence theorem that

Jim t/ ‘Vo(k,t) — e (—ik)e Ft| dk
—00 R
= lim t1/21/0(i t) —c (—ik)e | dk
t—o0 R t1/2’
as required. Similarly, since go(0,t) = go,0(0,t), for t > 1, we find that
k
lim Vi(=,t) = d io(k)e Fl —p eIkl (104)
t—o0 t

and furthermore that

> 1
Vi(k,t)| < <5ua+1(k,1)+sua(k,1)/1 373 ds—l—ua_,_1 |k|/ —ds)e k| (t— 1)’

< Eﬂ'a(k‘? 1)€_|k|(t_1) + tl/Zua-&-l(k’ 1) ~ll (1) |k| < )
< el (ki)

so that

Wik 0] < s, (105)

for ¢ > 1. From (104) and (105) it follows by the Lebesgue dominated convergence theorem that

t—o0

lim t/ )Vl(k,t) - <d io(k)eIFIt _p e—l’f‘t>) dk
R

= lim
t—o0 R

= 0 N

Vl(%,t) - (d io(k)e Ikl — b e_k|>' dk

as required. Finally, for the last term in (101) we have the following Proposition:

Proposition 15 Let v and V' be as defined above. Then,

9
[o(k,t) = V(K1) < mua(k,t) tl/gui’/ﬁ(k,t)
+t1/2ﬂ'a (k t) 1/2ﬁa(k7t) : (106)

See Appendix V for a proof.

From Proposition 15 it follows that

1imt/|vkt V)| dk

t—o0

. g _
tll>ngot/ (mua(k t) + 1/3/1’3/6(k t) + 1/2/1‘0/ (k7t) + my’a(kvt)> dk

€
= tlggotﬂ/ﬁ =0,

IN

as required. This completes the proof of (62).
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13 Appendix V

In this appendix we prove Proposition 15. The proof is rather lengthy and we therefore split it in several
pieces. We start by proving some general bound.

13.1 Two inequalities

Proposition 16 Let o > 0. Then,
" (k=) _ p=lhie-n) _L ! L s/
: (e —e ) mua(k,s) ds < const. mua(k,t)—l—ﬁua (k,t)) , (107)
 klt—s) L 1 1
/t MO =g (b 5) ds < const. <mua(k,t)+tmu§/4(k,t)) , (108)

uniformly in k € R and t > 1.
We first prove (107) for 1 <¢ < 2. We have

Y lkl—s) k-1 L " ds
. (e —e )wua(k,s) ds < ep,(k,1) : a2

15
S 6/1’04(k71) S ml’[’a(k’t) )

as required. For ¢ > 2 we split the integral in (107) into two. For the first part we have

t—(t—1)%/6 1
/1 (efw(tfs) a eﬂk\(m)) —ghalhys) ds

t—(t—1)%/¢ 1
< k.1 —Ikl(t=s) _ ~IKIt-1)) _—_ 4
> 5/1’04( ) )/1 (6 e )83/2 s
t—(t—1)%/° 1
< k.1 —lkl(t=s) (1 _ lkls=1)) —_ 4
= 6/1’04( ’ )/1\ (& ( e )83/2 s
k| (t—1)5/ t—(t—1)%/6 1
k(=15
< cpalli e [ -k b

5 t—1 2
< et Py (k, e HED | <T)

£
S m“i/6(k7t) )

as required, and for the other part we get,

t
1
—|k|(t—s —|k|(t—1
/t_(t_l)m (e 6= — D) Loy (k) ds

€ t
—=pu,, (k,t ds
k) [ o

9 9
7atta (BP0 < i (k)

IN

IN
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as required. We now prove (108). Namely,

0o ., 1
/t elkICt )mua(k,s)ds

t+t3/4 - )
< etalkit) (/t elklt= S)s/ ds+/+t3/4 ehit=9 L ds)
/
< epa(kst) <t31/4 + tl%ek“ﬁ”)
< 753%ua(lc,t) tl/zﬂi/4(k,t)
< attalkt) + ogmll 0)

as required. This completes the proof of Proposition 16.

13.2 Proof of Proposition 15
Let vp = v — V. Using the definitions we find that
UD(k7t) = Wl(k7t)

1 t
+A— <eA*(t*S) - eA*(t*1)> ikqy(k, s) ds
0J1

1 t

5 [ (709 = D) (gl 5) + i) (b)) ds
1

1

w5 [ o) o Bk ) ds
t

1 t
—5 </ e M=) ko1 (k, s) ds —/ M=) ikgo 1 (K, s) ds ) . (109)
1 t

We write vp = Z?:l vp.i, with vp ; the i-th term in (109), and we bound each of the terms individually.

The inequality (106) then follows using the triangle inequality.

Proposition 17 For all o > 0 we have the bounds

lvpa(k, D) < —pa(k,t) (110)
lvpa(k, D) < —pa(k,t) (111)
okt < rptalkit) + s (kD) | (112)
ootk )l < o (kt) + s nl (k) (113)
[vps(k,1)] < ﬂ%nw(/«,mmua(w

sl (k) + S (k) (114)

uniformly in k € R and t > 1.
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The bound on vp; has already been established in (47). Next, to bound vp 2, we split the integral

into two parts. We have

and

IN

IA

IN

IN

IN

1 =
— A_(t—s) _ A_(t—1)
Ao (e € ) k| |q1 (K, s)| ds
t+1
=
5#a+1/2(k,1)/1 <€A*(t75) —eA*(t*1)> |A_|1/2 o ds

41
2

eh-(t=9) (1 - eA‘(s_l)> |A_|1/2 % ds
s

El“(’a+1/2(k;7 1) /1\
41

t—1 2 3/2
b DT [T (s =) I s

2
=1 t—1
ot ol e 2 A ()

9
zua+1/2(k7t) )

(t—s) _ A_(t—1)
/L MDY K oy (k, )] ds

AY? sty 2 L
—(t—s -

< et ua(kz,t)/ue A2 ds

A1/2
1/2

b e A /_—/ ds

< k) [ M2

< gamlht) [ O
£ Ay /2t
etk 9D A2 (5

S t3/2 /’l’a /__‘—_ \/tT d8+ Ma(k t)

< Eua(k7t)»

and (111) now follows using the triangle inequality. The bounds (112) and (113) on vp 3 and vp 4 are a
consequence of Proposition 16, using that

) €
l90,0(k, s) +io(k)q1(k,s)| < mua(kz,s) )

To complete the proof of Proposition 17 we still need to prove the bound (114) on vp 5. This bound
is somewhat tricky, since the dominant contributions to the two integrals defining vp s compensate one
another. A proof of this bound is the content of the final subsections of this paper.

13.3 Proof of inequality (114)

Using the definition of vp 5 we find after integration by parts, that

t [e%e]
—io(k)ops(k,t) = / e W0=) (k| go 1 (K, 5) ds — / M=) k] go 1 (K, 5) ds
1 t

s=t

t
_/ €_|k‘(t_s)3sqo,1(ka5) ds

s=1 1

o0

s=t t

- [6_‘k|(t_s)qo,1(k,s)}

8§=00

+ [elkl(tfs)QOJ(k, S)}
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Therefore,
—io(k)vps(k,t) = qoi(k,t) —e FIEVgo (k1) — go1(k,t)

t
1
t
_/ (ef\kutfs) _efw(tfl)) Do (y 5) ds
1

_/ e|k‘(t_s)asq0,1(k78) ds )

t

and therefore

vpslk,t) = —io(k)e FEDg, (k,t)
t
—z'a(k)/ (e*‘k‘(tfs) - e*‘k‘(t*1)> 0sq0,1(k,s) ds
1

—ia(kz)/ M99 g0.1(k, s) ds . (115)
t
From the representation (115) of vp 5 we get the inequality

lops(k, )] < e M gy (k. 1))

t
+/ <67\k\(t75) _e*\kl(t*1)> |0sq0,1 (K, s)| ds
1

+/ eFlt=9)19,q0.1 (K, s)| ds . (116)
t

We now prove a bound for each of the terms in (116) separately. The bound (114) on vp 5 then follows
by the triangle inequality. For the first term in (116) we have that

_ _ _ _ 3
D jgoa (k)] < MO T (k1)
g _
< m,u’cwrl(k?t) )

as required, and the bounds on the second and the third term in (116) follow using Proposition 16,
together with:

Proposition 18 For all o > 0 we have that
€
[0¢qo,1 (K, t)] < mua(kﬁat) ; (117)
uniformly in k € R and t > 1.

See the next subsection for a proof.
This completes the proof of inequality (114).

13.4 Proof of Proposition 18
By definition (40) of go.1 we have that

1
Orqoa(k,t) = “on (uo * Oyug) (k,t)

and for dyuy we have:

Proposition 19 For all o > 0 we have
€
[Oruo(k, )] < Shalk,t) (118)

uniformly in k € R and t > 1.
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See the next subsection for a proof.

Using (96) we find from (48) and (118) that

2
€
(o * Dyuo) (k)] < 573 ha (K, E)

and (117) follows. This completes the proof of Proposition 18.

13.5 Proof of Proposition 19
By definition (36) of ug we have that

drug(k,t) = —w* (B)A_er-(—1)
1
+A—OQ1 (k7 t)

1

t
+A— AN _qi(k,s) ds . (119)
0J1

We write Oyug = Z?:l Oyug ;, with Oyug ; the i-th term in (119), and we bound each of the terms separately.
The inequality (118) then follows using the triangle inequality.

Proposition 20 For all o > 0 we have the bounds

g

|atu0,1(k7t)| < Eua(kat) ’ (120)
e

Oruo2(k, )] < s3mHa(k,t) (121)
g

|8tu0,3(k’t)| < EuaJrl(k’t)’ (122)

uniformly int > 1 and k € R.

For O:up,1 we have
)—wf(k)A,eA‘(t_l)‘ < epig (K, etV A,
and (120) follows using Proposition 9. Next,
€

1 1
_ < — =
Ao(h(k7t)‘ —= AO tg/gl’[’a(kat) )

and (121) follows. Finally, splitting the integral defining d,ug 3 in two parts we find that

t+1 t+1
2

< gk et A (#)
= %MaJrl(k?t)a
and that
1

e 1 CA (s
< WA—O%U?J)/EG [A_|ds

2

t
L / N9 |A_|qy(k, s) ds
AQ t_21

e 1
WA_O”“(k’t)

15
S gua-kl(kat) B}

<

and (122) follows using the triangle inequality. This completes the proof of Proposition 20 and Proposition
19.
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