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literature on the subject. See in particular
[15], [1], [13], and [14]. An important ingredient for the design of MAV’s is the development of new types of airfoils, since at the
very low Reynolds numbers under consideration the traditional NACA type profiles perform poorly. Wings made from flat plates
and other designs with sharp corners produce
much better results. One is therefore interested in computing drag and lift for this type
of airfoils, but this turns out to be delicate
for several reasons. First, neither linearized
theories (Stokes, Oseen) nor any version of
boundary layer theory [16], [5], [6] provide
a quantitative description at the Reynolds
numbers under consideration, so that the full
Navier-Stokes equations need to be solved.
Second, solutions are singular at non-smooth
boundaries which makes the evaluation of the
stress tensor for the determination of drag
and lift problematic. Third, drag and lift of
low Reynolds number flows are very sensitive
to changes in boundary conditions. This is a
serious problem, since for computational reasons the exterior domain needs to be truncated to a finite sub-domain, and this therefore leads to the necessity of finding boundary conditions on the surface of the truncated
domain which do not modify drag and lift significantly.

Abstract: We discuss a new numerical
scheme involving adaptive boundary conditions which allows to compute, at very low
Reynolds numbers, drag and lift of airfoils
with rough surfaces eﬃciently with great precision. As an example we present the numerical implementation for an airfoil consisting of
a line segment. The solution of the NavierStokes equations is singular at the leading
and the trailing edge of this airfoil, and the
computation of drag and lift by integration
of the stress tensor along the segment therefore delicate. However, since for numerical
purposes the infinite exterior domain has to
be truncated to a finite computational domain anyway, this problem can be avoided
by integrating not over the airfoil, but over
the surface of the truncated domain instead.
Together with the adaptive boundary conditions this allows to determine drag and lift
with great precision already on small computational domains.
Keywords: Airfoils, low Reynolds numbers,
drag, lift, artificial boundary conditions.

1. Introduction
The wish to construct aircraft that can fly
at low Reynolds numbers is not new. Important publications which are concerned with
the design of low speed airfoils and which are
still of relevance today are [17], [5], [6], [11],
[7], and [10]. When these papers were written, Reynolds numbers of the order of fifty to
hundred thousand were considered small, but
nowadays the interest focuses on flows with
Reynolds number in the range from as low
as some hundred to several thousand. Quite
recently even a new experimental facility has
been built with the specific goal of measuring flows for this range of Reynolds numbers.
See [8]. The goal of these experimental works
and of the corresponding theoretical studies
is the engineering of so-called micro-air vehicles (MAV). There is an extensive recent

In what follows we address these questions
for the simple case of an airfoil which consists
of a line segment. See Figure 1. We present
here only the flow parallel to the segment
which produces no lift, but the method is
not limited to this case. More details can be
found in [3], [4], and [9]. The basic ideas are
the following. First, in order to avoid to have
to integrate over the non-smooth boundary of
the airfoil when computing drag and lift, one
rather integrates over the outer boundary of
the computational domain which we choose
either to be a rectangle or a circle. Second,
the boundary conditions on this outer boundary are chosen to be adaptive according to the
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for a review. Boundary layer theory based on
the Blasius solution of a semi-infinite plate
predicts (see [2] for a review) that the drag
coeﬃcient CDrag = F/( 12 ρAu2∞ ), with F the
total drag of the finite plate, should be given,
asymptotically for large values of Re, by the
formula

scheme introduced in [3].

1
2 CDrag

So, consider a line segment of length A that
is placed into a uniform stream of a homogeneous incompressible fluid filling up all of R2 .
This situation is modeled by the stationary
Navier-Stokes equations

≈ 1.328 Re−1/2 +(2.661±0.03) Re−7/8
(8)
See [12]. Expression (8) is a priori again
an asymptotic description valid at large
Reynolds numbers only, but turns out to be
surprisingly accurate all the way down to
Reynolds numbers of order one. See below
for details.
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in Ω = R2 \ [0, A], subject to the boundary
conditions
u|∂Ω = 0 ,
lim u(x) = u∞ .

|x|→∞
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Here, u is the velocity field, p is the pressure and u∞ is some constant non-zero vector field which we choose without restriction
of generality to be parallel to the x-axis, i.e.,
u∞ = u∞ e1 , where e1 = (1, 0) and u∞ > 0.
The density ρ and the viscosity μ are positive
constants. From μ, ρ and u∞ we can form the
length ,
μ
=
,
(5)
ρu∞
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Fig. 2. Theoretical prediction of
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Re as

a function of Re . The dashed green curve is
the theory given by (7) and the blue curve the
prediction of the triple deck theory (8).

the so called viscous length of the problem.
For the Reynolds based on chord length we
therefore have
Re =

(7)

with a value for the constant C1 which was
estimated at 2.6 ± 0.1 in early work and then
at 4.5 ± 0.5. The more sophisticated so called
triple deck solution for the finite plate, which
was developed later with the goal of explaining the discrepancies between the prediction
(7) and experimental and numerical data,
takes the contribution from the trailing edge
singularity into account. This leads to the
new prediction that

Fig. 1. The line segment (red), the exterior
domain Ω, the computational domain D, the
boundary ∂Ω, the exterior boundary S of the
computational domain, and the orientation of
the normal vector on S (yellow).

−ρ (u · ∇) u + μ∆u − ∇p = 0 ,
∇·u=0 ,

≈ 1.328 Re−1/2 +C1 Re−1 ,

3. Computation of drag and lift

(6)

We briefly recall the computation of drag
and lift through surface integrals. Let u, p be
a solution of the Navier-Stokes equations (1),
(2) subject to the boundary conditions (3),
(4), and let e be some arbitrary unit vector

2. Theoretical aspects
The flow around a line segment has been
intensively studied in the literature. See [12]
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in R2 . Multiplying (1) with e leads to

confronted with the necessity of finding appropriate boundary conditions on the surface
S = ∂D \ ∂Ω of the truncated domain. We
set
u|S = uABC |S ,
(15)

− (u · ∇) (u · e) + ∆ (u · e) − ∇ · (pe) = 0 .
(9)
Since
∇ · ((u · e) u)
= u · (∇ (u · e)) + (u · e) (∇ · u)
= (u · ∇) (u · e) ,

with uABC a vector field that is explicitly
given below. The vector field uABC depends
on drag and lift and these quantities are computed as part of the solution process. Note
that for a finite computational domain D the
boundary conditions on S fix the mass flux
through the surface S. As has been shown
in [18] there is a direct connection between
drag, lift and this mass flux, and as a consequence any choice of boundary conditions
which does not respect the correct mass flux
changes the forces significantly, unless oversized computational domains are used. The
adaptive boundary conditions (15) eliminate
this problem. More details can be found below and in [3] and [4]. We set

and
T

∆ (u · e) = ∇ · ( [∇u+ (∇u) ] · e) ,
equation (9) can be written as ∇ · P(e) = 0,
where
T

P(e) = − (u · e) u + [∇u+ (∇u) ] · e − pe ,
(10)
i.e., the vector field P(e) is divergence free.
Therefore, applying Gauss’ theorem to the
region D in Figure 1 we find that
Z
Z
P(e) · n dσ = − P(e) · n dσ , (11)
∂Ω

x
uABC (x) = u∞ uN ( ) ,

S

with the choice of the normal vector on S as
indicated in Figure 1. We have that P(ε1 ) ·
ε2 = P(ε2 )·ε1 for any two unit vectors ε1 and
ε2 , and therefore, since in (11) the vector e
is arbitrary, it follows that
Z
Z
P(n) dσ = − P(n) dσ .
(12)
∂Ω

(16)

with u∞ the speed at infinity, with as given
in (5), and with uN the adaptive boundary
conditions of order N ,
uN (x, y) = (1, 0)+

S

n
N X
X

un,m (x, y) , (17)

n=1 m=1

Since u = 0 on ∂Ω, we finally get from (10)
and (12) that the total force on the airfoil is
either given by an
h integral of ithe stress tensor Σ(u, p) = μ ∇u+ (∇u)T − p over the
surface ∂Ω of the airfoil,
Z
F=
Σ(u, p) · n dσ ,
(13)

which we now define.
Let un,m
(un,m , vn,m ). To first order we have

=

y2
d 1
u1,1 (x, y) = u1,1,E (x, y) − θ(x) √ √ e− 4x ,
π x
y2
y
d
v1,1 (x, y) = v1,1,E (x, y) − θ(x) √ 3/2 e− 4x
2 πx
(18)

∂Ω

or equivalently by an integral over the outer
surface S of the computational domain D,
Z
F = − (−ρ (u · n) u + Σ(u, p) · n) dσ .

with θ the Heaviside function (i.e., θ(x) = 1
for x > 0 and θ(x) = 0 for x < 0), and
d
b
x
y
+
,
π x2 + y 2
π x2 + y 2
d
b
y
x
v1,1,E (x, y) =
−
. (19)
2
2
2
πx +y
π x + y2

S

u1,1,E (x, y) =

(14)
The force F is traditionally decomposed into
a component F parallel to the flow at infinity
called drag and a component L perpendicular
to the flow at infinity called lift. Note that F
is independent of the choice of S.

The constants d and b are linked to drag and
lift be the equations

4. Adaptive boundary conditions

1
2ρ
1
b=
2ρ

d=
When restricting for numerical purposes
the equations from the exterior infinite domain Ω to a bounded domain D ⊂ Ω, one is
3

1
F ,
u2∞
1
L,
u2∞

(20)
(21)

5.
Numerical implementation
and results

and, as indicated above, the force F = (F, L)
is computed as part of the solution process
using (14) , which in turn allows us to update
the boundary conditions on S using (20) and
(21). Note that the vector field (u1,1 , v1,1 ) in
(18) is divergence free and smooth in R2 \{0}.
To second order we have
u2,1 (x, y) = θ(x)

bd 1 log(x) y − y2
√ e 4x ,
√
2 ( π)3 x
x

1
bd 1
·
√
2 ( π)3 x3/2
µ
µ
¶
¶
y2
1 y2
log(x) −1 +
+ 2 e− 4x ,
2 x
(22)

v2,1 (x, y) = θ(x)

and
y
1
u2,2 (x, y) = u2,2,E (x, y) + θ(x)d2 f 0 ( √ )
x
x
3 1
+ λθ(x)f∞ d2 2 ·
8x
¶
µ
y2
1 y2
|y|
|y|
e− 4x ,
(1 + √ )(1 −
)+ √
2 x
x
x
2
d 1
·
v2,2 (x, y) = v2,2,E (x, y) + θ(x)
2 x3/2
µ
¶
y
y
y
f ( √ ) − f∞ sign(y) + √ f 0 ( √ )
x
x
x
1
3
+ λθ(x)f∞ d2 5/2 ·
4x
µ
|y| y
1 y2
(1 + √ ) √ (1 −
)
8 x
x x
¶
y2
1 y2
+
sign(y) e− 4x , (23)
4 x
where
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µ
¶
d2 |y| 1
r2
u2,2,E (x, y) = f∞
−
,
2 r2 r2
r
d2 sign(y)
·
v2,2,E (x, y) = f∞
2
r
¶
µ
x
x r2
1
, (24)
+ 2
− −
r2 r2 r
r
p
√
with r = x2 + y 2 , r2 = 2r + 2x, λ = 1,
and with
z2
1
z
1
z
f (z) = − √ erf( √ ) + √ erf( ) e− 4 ,
2
2 π
2π
2
(25)
where
Z z
2
exp(−ζ 2 ) dζ .
erf(z) = √
π 0
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Fig 3. Drag on the segment as a function of
Re1/2 , computed in a square of size 40 The blue
curve is the theoretical prediction based on (8).
The black crosses are the values of the drag computed with constant boundary conditions. The
red circles are the values of the drag computed
with second order adaptive boundary conditions.

For a disk of radius five the constant
boundary conditions give poor results, but
the second order adaptive conditions continue to be very accurate. See [3] and [4] for
a systematic study of the adaptive boundary

Finally,
1
.
f∞ = lim f (z) = − √
z→∞
2π

The equations (1) have been implemented
in Comsol for Reynolds numbers between one
and 4000. For computational purposes we
have chosen units such that the length of the
segment A, the viscosity μ, and the speed
at infinity u∞ equal one. With such units
the Reynolds number Re is equal to the density ρ of the fluid, which has been varied between one and 4000. Two types of boundary
conditions have been used, namely constant
boundary conditions, corresponding to setting N = 0 in (17) and adaptive boundary
conditions of order N = 2. The computations have been performed in two computational domains D, a square of side length 40
centered at the origin and a disk of radius
5 centered at the origin. For the case of the
square the errors between the drag computed
for the two boundary conditions is small, and
the results fit very well the theoretical prediction (8) obtained from asymptotic expansions. See Figure 3.

(26)
4

conditions.

Figure 5 shows again the streamlines of the
vector field u−u∞ , but the solution has been
computed using the second order adaptive
boundary conditions. The non-physical backflow has completely disappeared, and no distortion of the stream-lines is visible at the
outer boundary.
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Fig 4. Drag on the segment as a function of
Re1/2 , computed in a disk of radius 5. The blue
curve is the theoretical prediction based on (8).
The black crosses are the values of the drag computed with constant boundary conditions. The
red circles are the values of the drag computed
with second order adaptive boundary conditions.

Fig 5. For adaptive boundary conditions no nonphysical back-flow is induced.

We now illustrate the physics behind this
dramatic improvement in the quality of the
results when choosing adequate boundary
conditions. Figure 4 shows the streamlines
of the vector field u − u∞ , where u solves
the Navier-Stokes equations (1) and where
u∞ = (u∞ , 0). For the constant boundary
conditions this vector field is equal to zero on
the boundary S, which leads to a nonphysical low speed back-flow of the fluid extending
over most of the computational domain.

6. Conclusions
We have shown that the computation of
drag (and lift) is delicate for low Reynolds
number flows since they depend sensitively
on the boundary conditions. This problem
can be avoided by using the proposed simple to implement adaptive boundary conditions. We have shown furthermore, that for
the computation of lift and drag the integration over rough boundaries can be avoided
by integrating over the outer boundary of the
computational domain.
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